
Additional experiments  should be pe r fo rmed  to reveal the effects of roughness,  mean radius of rotation, 
and distance of initial section f rom axis of rotation on increase  in p r e s s u r e  loss .  

NOTATION 

Re = wd/v, Reynolds number for flow rate; Re~= 0Jd2/2v, Reynolds number for circumferential velocity; 
N c = o~ 2/d/w 2, criterion taking into account the effect of centrifugal forces; N C = Re~r~-dTw -, criterion taking 
into account the effect of Coriolis forces, ~, ratio of the coefficients of friction for rotating and stationary 
channels; w, flow rate; d, channel diameter; v, fluid viscosity; o4 angular velocity; l, channel length; Rav, mean 
radius of rotation of channel; ~, coefficient of friction; Recr, critical value of Reynolds number; F, ratio of 
intensities of centrifugal and Coriolis forces; A, m, constants. Indices: cf, cp, centrifugal and eentripetal flows. 
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A NOTE ON THE THEORY OF THE RANK EFFECT 

V. A. Bubnov, O. G. Martynenko, 
and V. I. Kalilets 

UDC 532.527:532.542 

The possibil i ty of using the equations of motion of a viscous compress ib le  gas in the K a s t e r i n -  
Predvoditelev form,  to descr ibe  the vor tex  effect, is discussed.  

In the theory of vort ical  flows there exist two basical ly different approaches.  The f i r s t  is connected 
with the name of L. Prandt l  who assumed that the origination of a vor tex  takes place in a thin boundary layer ,  
ice., the nature of origination of the vor tex is due to viscosi ty .  

The second approach was advanced by Felix Klein who showed the possibi l i ty of origination of a vor tex  
in an ideal liquid as a consequence of discontinuities occur r ing  in the basic hydrodynamic pa r ame te r s .  The 
idea of Klein was developed by Kaster in  [1] who obtained the equations of the vortex field in an ideal liquid, 
taking into account a discontinuous var ia t ion of the hydrodynamic velocity vector .  A molecular-kinet ic  genera l -  
ization of the equations of Kaster in  for a v iscous  liquid was ca r r i ed  out by Predvoditelev [2, 3, 5]. 

We recal l  that to obtain the equations of motion of a viscous liquid in the fo rm of the Nav ie r -S tokes  equa- 
tions, Maxwell had to introduce two hypotheses [4]: 

1. In a physical ly infinitely small  volume the t ranspor t  veloci t ies  of two colliding molecules  are  equal. 

2. Between molecules  of the gas there ac t  forces  of repulsion whose magnitude is inversely  proportional 
to the fifth degree of the distance between the molecules.  
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Predvoditelev proposed a new hypotheses relat ive to the t ranspor t  veloci t ies  of two colliding molecules.  
He introduced the following conditions for the transit ion to a continuum: 

1. There must  exist an infinitely small  volume for which we can calculate average quantities. The 
vector  of t ranspor t  velocity of the center  of gravity of this volume has the components u, v, w. Then for a 
molecule of the f i rs t  kind to be able to collide with a molecule of the second kind, the following conditions must  
be fulfilled: 

u ~ . . u < u l ;  v ~ < v < : v l ;  w ~ < w < w  z. 

2, The random motion of the medium is such that gradients of the t ranspor t  velocity V in an appreciable 
manner vary  along the length of a "free run ~ of molecules.  

On the basis  of these assumptions Predvoditelev obtained the following equations of hydrodynamics:  

O-- t -+( t - -~l )grad--2  - q - ( 1 - l ~ ) [ r ~  p -~x ~l -~x adv~ 

0 [ ~ ] ( ~ y  + g r a d v , ) ] _  k 0 [~] 0v g rad[ (~]v__  ~ 1 (z) 

where v x, Vy, Vz are  the components of velocity in a Cartesian coordinate system,  r/V is the coefficient of 
volume viscos i ty ,  and fi is the pa r ame te r  of nonideal solidity (Predvoditelev 's  cr i ter ion);  

3 
113[ = ~ Kn.M = Pd. 

2 

Here  Kn is the Knudsen number and M is the Mach number.  

Equations (1) for  fl = 0, i.eo, when the t ranspor t  veloci t ies  of the approaching molecules  are  the same,  
are  t ransformed into the Nav ie r -S tokes  equations. For  fl = 2, Eqs~ (1) are  t ransformed into the equations of 
Kasterin,  if the v iscos i ty  and the product  Ydiv V are  put equal to zero.  

We apply the equations of a compress ib le  gas in the P r e d v o d i t e l e v - K a s t e r i n  form to descr ibe  the Rank 
vor tex  effect. 

For a s teady-sta te  ax i symmetr ic  motion in a cylindrical  coordinate sys tem,  if we exclude the volume 
viscosi ty in conformity with the Stokes hypothesis,  we have 

( Ou Ou P-v~)--[~pu div V OP 
(1 - -  ~) pu ~r + pw az r = - -  07 + 

( 02u 1 Ou u 02u ~ 0 
+ bt ~ -~- ~- -k I't - -  div V, (2) 

r Or r 2 Oz 2 ] 3 Or 

[( ) ] �9 Ov -k v___ Ov - -  [~pv div V ---- hv - -  ~-  
(I - -  [~) pu ~ - r  r -k  pw - ~ z  )~ ' (3) 

(I pu ~ + p w  ~-z - -  {}pw div V ---- - -  - -  OP + ~tAw -}- ~ ~ div V. (4) 
Oz 3 0 z  

In the works cited, concerned with a theoretical  investigation of the Rank effect, such models of vort ical  
flows were considered in which the distribution of the c i rcumferent ia l  component of velocity was studied, while 
the axial motion of  the gas was assumed to be known [6-9]. 

We shall consider  the flow of a gas in a device [9] depicted schematical ly in Fig. 1. 

It is  assumed that in the zone r 1 _< r _< a the axial veloci ty component w = 0, while into the zone 0 -< r -< r 1 
the gas is supplied uniformly over  the entire length L of the device. F r o m  the condition that expenditure of the 
gas is constant and the continuity equation div (p~ = 0 we easi ly obtain [9] the following e:~pressions for  the 
radial velocity component: 
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nb (5) 
pu -- - -  OoVo (q .~ r-~ a), 

2nr 

nb r r ~ rl), (6) p u = - - - -  9oVo - -  (0 
2~rl q 

w h e r e  n i s  the n u m b e r  of n o z z l e s ,  and  b is  the width of the n o z z l e .  

The e x p r e s s i o n s  (5) and  (6) can  be u sed  in  the s u b s e q u e n t  c a l c u l a t i o n s  i n s t ead  of the con t inu i ty  equat ion.  
We f u r t h e r  a s s u m e  that  the c i r c u m f e r e n t i a l  componen t  of ve loc i ty  v does not  depend on z and that we can neg lec t  
the t e r m  V div V in  Eq. (3). As was  shown in  [5], this  is  equ iva l en t  to neg l ec t i ng  the ve loc i ty  of vo lume  d i l a -  
t a t ion  at the point  of d i scon t inu i ty  of the h y d r o d y n a m i c  ve loc i ty  v e c t o r .  In this c a s e ,  Eq. (3) for  the c i r c u m f e r -  
en t i a l  ve loc i ty  componen t  can  be i n t e g r a t e d  independen t ly .  I ts  so lu t ion  wil l  be the funct ion  

B ~  [~(1- - f3)pu  dr]dr [. D v = rexp , (7) 
r 

where  B and D a re  a r b i t r a r y  c o n s t a n t s .  

We in t roduce  the d i m e n s i o n l e s s  q u a n t i t i e s  

r ' = - - - r  ; v ' -  v (8) 
rl v0 

( p r i m e s  a r e  omi t t ed  in  the fol lowing).  

With the e x p r e s s i o n s  (5), (6) and the b o u n d a r y  condi t ions  v(0) = 0, v ( a / r l )  = I ,  as  wel l  a s  the jo in ing  con-  
d i t ions  on the zone b o u n d a r i e s ,  t aken  into account ,  we obLain the fo l lowing so lu t ions  for  the c i r c u m f e r e n t i a l  

ve loc i ty  componen t :  

c 1 cs ( l ~ r ~ k =  a . Re,=/~2~ (~) 
f r 1 

C3[ ( "0" )] v = - -  l - - e x p  r ~ ( 0 ~  r ~ 1). (10) 
r 2 

If Re* = 2, then 

C 4 h i  r C s v = - -  + - -  ( l ~ r ~ k ) ,  (11) 
r r 

v =  c__~ [1-- exp (-- r2)] ( 0 ~ r ~  I). (12) 
t" 

Here  Re* = R e ( l - f l ) ,  R e  = nbp0v0/21r/~,  while the coef f ic ien t s  c l - c  6 a r e  ca l cu l a t ed  f r o m  the e x p r e s s i o n s  

C 2 ~ 

.2--Re* 
C 1 ~ k - -  C2R 

2Re* exp - - - -  c3, 
2 --  Re* 

k (2 - -  Re*) (k 2-Re - -  1) 
C 3 = 

�9 +2R * 

c4=--c6, og= I - - - -  ce, 
e e 

[ co=k 1 - -  1 +~- -  Ink  
e 
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Fig~ 1. Scheme of  vor tex  chamber .  

.! 

If we put fi = 0, then the expressions (9)-(12) are  t ransformed into the solutions obtained in [6-8]. Sub- 
sequently these resul ts  were repeated by Gol 'dshtik [9]. 

The f i r s t  t e rms  of the express ions  (9) and (10) determine the c i rcumferent ia l  velocity for a potential 
flow, while the remaining te rms  ref lect  the vor tex  s t ructure  of the flow due to viscous forces .  Analyzing the 
expressions (9) and (10) for fl = 0 and Re--- ~ ,  it is not difficult to note that v - - c o n s t / r ,  signifies the degenera-  
tion of the vor t ica l  flow into a potential flow. This fact is paradoxical .  Indeed, as  the number Re increases ,  
the vort ical  flow must  become s t ronger .  Since Re is calculated f rom the charac te r i s t i c  c i rcumferent ia l  ve loc-  
ity component (in the given case,  f rom v0), and it cannot become potential.  The experimental  resul ts  of [7, 10] 
conf i rm this. 

The p resence  of fi ~ 0 allows us to eliminate the possibil i ty of a transi t ion,  when R e - -  ~ ,  to a potential 
flow in the express ions  (9) and (10). We put, for example, ( 1 -  fl) = const /Re.  Then the second te rm in the 
expression (9) will be finite. The pa rame te r  fl can be a function of the Reynolds number  and the fo rm of this 
function must  be determined by experiment .  

In the ease fl = 0 the expressions (11) and (12) exist  only for Re = 2, and this is not understandable f rom 
a physical  viewpoint~ If it turns out that the function fl(Re) is multivalued, then for  Re* = 2 we obtain the sec-  
ond class  of solution of the problem being considered.  

It should be noted that by taking into account the t e rms  V div V in  the equa t ionsof  motion we dan improve 
the functional dependence of the p a r a m e t e r  fl on the number Re. 

N O T A T I O N  

u, v, w, radial ,  tangential and axial components of velocity in the cyl indrical  system of coordinates r, ~0, 
z; V, vector  of total velocity; p, mean gas density; v0, nozzle outflow velocity; P0, mean gas density at the noz-  
zle exit; ~, dynamic coefficient of viscosity;  P, p ressure ;  a, radius of outer  zone of flow; r l, radius of inner 
zone of flow; A, Laplace operator .  
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